On the Thermodynamics of NUT charged spaces by Mann, Robert & Stelea, Cristian
ar
X
iv
:h
ep
-th
/0
40
82
34
v4
  4
 O
ct
 2
00
5
hep-th/0408234
On the Thermodynamics of Nut Charged
Spaces
Robert B. Mann1,2 and Cristian Stelea2
1Perimeter Institute for Theoretical Physics
31 Caroline St. N. Waterloo, Ontario N2L 2Y5 , Canada
2Department of Physics, University of Waterloo
200 University Avenue West, Waterloo, Ontario N2L 3G1, Canada
Abstract
We discuss and compare at length the results of two methods used
recently to describe the thermodynamics of Taub-NUT solutions in a
deSitter background. In the first approach (C-approach), one deals
with an analytically continued version of the metric while in the sec-
ond approach (R-approach), the discussion is carried out using the un-
modified metric with Lorentzian signature. No analytic continuation
is performed on the coordinates and/or the parameters that appear
in the metric. We find that the results of both these approaches are
completely equivalent modulo analytic continuation and we provide
the exact prescription that relates the results in both methods. The
extension of these results to the AdS/flat cases aims to give a physi-
cal interpretation of the thermodynamics of nut-charged spacetimes in
the Lorentzian sector. We also briefly discuss the higher dimensional
spaces and note that, analogous with the absence of hyperbolic nuts
in AdS backgrounds, there are no spherical Taub-Nut-dS solutions.
1E-mail: mann@avatar.uwaterloo.ca
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1 Introduction
The construction of conserved charges in a deSitter (dS) background is in
general not well-defined for several reasons. One is that such spaces do not
have spatial infinity the way that asymptotically flat or anti de Sitter (AdS)
spacetimes do. Another reason is that it is impossible to define a global
Killing vector that is everywhere timelike. In fact, there is a Killing vector
that is timelike inside the cosmological horizon and spacelike outside it.
However, motivated in part by the possible analogy with the AdS/CFT
correspondence, we expect to be able to construct holographic duals of asymp-
totically dS spacetimes [1]. The specific prescription given in ref. [2] intro-
duced counterterms on spatial boundaries at past and future infinity that
yielded a finite action for deSitter backgrounds. One can thus compute
a stress tensor on the past/future boundary and consequently a conserved
quantity associated with each Killing vector there.
The conserved charge associated with the Killing vector ∂
∂t
is interpreted
as the conserved mass. With this definition, the maximal mass conjecture –
that any asymptotically dS spacetime with mass greater than that of pure
dS space has a cosmological singularity – was proposed in ref. [2]. This
conjecture was partly based on the Bousso N-bound [3, 4], which is the
conjecture that any asymptotically dS spacetime will have an entropy no
greater than the entropy pil2 of pure dS with cosmological constant Λ = 3
l2
.
The maximal mass conjecture has been verified for topological dS solu-
tions and their dilatonic variants and for the Schwarzschild-dS black hole
up to nine dimensions [5, 6, 7] and, recently, for the class of Kerr-deSitter
spacetimes [8]; however, it is violated (along with the N-bound conjecture)
in locally asymptotic deSitter spacetimes with NUT charge under certain
conditions [9, 10, 11].
The preceding results rely on the relationships between various thermo-
dynamic quantities at past/future infinity. In asymptotically flat or AdS
settings, such relationships may be established using the path-integral for-
malism of semi-classical quantum gravity [12]. For spaces with rotation or
NUT charge, such relationships depend upon how one analytically continues
these parameters into a Euclidean section.
In asymptotically dS spacetimes the situation is even more delicate. Ana-
lytic continuation in the rotating case requires special care [13]. More recently
it was noted that although the computation of conserved quantities does not
depend upon such analytic continuation, the path-integral foundations of
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thermodynamics at asymptotic past/future infinity does, and that there are
two apparently distinct ways of expressing the metric, depending on which
set of Wick rotations is chosen [9, 10].
In one approach (referred to as the R-approach), the analysis is carried
out using the unmodified metric with Lorentzian signature; no analytic con-
tinuation is performed on the coordinates and/or the parameters that appear
in the metric.
In the alternative C-approach one deals with an analytically continued
version of the metric and at the end of the computation all the final results are
analytically continued back to the Lorentzian sector. However, the simple
analytic continuation of Euclidian time into the Lorentzian time T → it
fails in many physically interesting cases (for example, if the spacetimes are
manifestly not static, or even in the stationary cases). While this is a known
issue in rotating spacetimes [13], it is shown most strikingly in the case of
nut-charged spacetimes. Consider for example the asymptotically flat Taub-
NUT spacetime. As it is well known [14, 15, 16], this spacetime is nonsingular
only if we make the time coordinate t periodic with period 8pin, in order to
eliminate the Misner string singularity. To obtain the Euclidian sector we
perform the analytic continuation of the time coordinate t→ iT and of the
nut parameter n → iN . To keep the Euclidian section non-singular, that
is in order to eliminate a possible conical singularity that would appear in
the (r, T ) section, a constraint relating the mass to the nut charge must
be imposed, consistent with the preceding periodicity requirements (which
imply β = 8piN). For the Taub-Nut solution this is m = N whereas for the
Taub-Bolt solution m = 5
4
N [15]. However, the physical interpretation of
the results in terms of the parameters appearing in the Lorentzian sector is
somewhat problematic since a naive analytic continuation would send T → it
and N → in and render imaginary the physical quantities of interest.
Nut-charged spacetimes do have the reputation of being a ‘counterexam-
ple to almost anything’ in General Relativity [14], so that it is natural to
regard the above analytic continuations with suspicion. Certainly the pres-
ence of the closed timelike curves in the Lorentzian sector is a less than
desirable feature to have. However, it is precisely this feature that makes
them more interesting. Recently these spaces have been receiving increased
attention as testbeds in the AdS/CFT conjecture [17, 18]. Another very
interesting result concerns a non-trivial embedding of the Taub-NUT geom-
etry in heterotic string theory, with a full conformal field theory definition
(CFT) [19]. It was found that the nutty effects were still present even in the
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exact geometry, computed by including all the effects of the infinite tower of
massive string states that propagate in it. This might be a sign that string
theory can very well live even in the presence of nonzero nut charge, and that
the possibility of having closed timelike curves in the background can still be
an acceptable physical situation. Furthermore, in asymptotically dS settings,
regions near past/future infinity do not have CTCs, and nut-charged asymp-
totically dS spacetimes have been shown to yield counter-examples to some
of the conjectures advanced in the still elusive dS/CFT paradigm [1]- such
as the maximal mass conjecture and Bousso’s entropic N-bound conjecture
(for a review see [20]). For these reasons we believe that a more detailed
study of these spaces and, in particular, a study of the thermodynamics of
nut-charged spacetimes is worthwhile and still has new things to teach us, if
only to point out where our theories can fail.
Our main goal in this paper is to clarify the relationship between the
R and C approaches, with an eye toward understanding how to physically
interpret the results obtained in each case. We find that the results of both
these approaches are completely equivalent modulo analytic continuation.
Furthermore, we provide an exact prescription that relates the results in both
methods. Extending our methods to asympotically AdS/flat cases yields a
physical interpretation of the thermodynamics of nut-charged spacetimes in
the Lorentzian sector. We discuss the constraints that appear by imposing
the first law of thermodynamics. We find that the first law will hold precisely
for the (asymptotically AdS) Bolt and Nut solutions that we obtain in the
C-and R-approaches, which we take as a sign of the validity of our results
regarding the thermodynamics of the Lorentzian Taub-NUT-(A)dS solutions.
We also briefly discuss the case of higher dimensional nut-charged spacetimes.
This paper is organized as follows. Since our approach to the thermo-
dynamics of the nut-charged spaces is based on the direct application of
the Gibbs-Duhem relation, in the next section we recall the counterterm
method, which is used to compute the conserved quantities in asymptotically
dS-spacetimes. Next we briefly review the thermodynamics of 4-dimensional
Taub-NUT-dS, using both the C-and R-approaches. Upon comparison we
find complete equivalence between these approaches modulo an analytic con-
tinuation and we provide the prescription that relates the results in both
cases. This prescription of analytic continuation furnishes the connection
between the thermodynamics in Lorentzian signature (R-approach) and the
thermodynamics of the Taub-NUT solutions in the analytically continued
regime (C-approach) in which the signature is no longer Lorentzian. We con-
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sider the extension of our results to higher dimensional nut-charged spaces as
well as to the case of the Taub-NUT solutions in AdS and flat backgrounds.
The final section is dedicated to some concluding remarks.
2 The counterterm method in deSitter back-
grounds
For a general asymptotically dS spacetime, the action can be decomposed
into three distinct parts
I = IB + I∂B + Ict (1)
where the bulk (IB) and boundary (I∂B) terms are the usual ones, given by
IB =
1
16pi
∫
M
dd+1x
√−g (R− 2Λ + LM(Φ)) (2)
I∂B = − 1
8pi
∫
∂M±
ddx
√
γ±Θ± (3)
where ∂M± represents future/past infinity, and ∫
∂M± =
∫ ∂M+
∂M− represents
an integral over a future boundary minus an integral over a past boundary,
with the respective metrics γ± and extrinsic curvatures Θ± (working in units
where G = 1). The quantity LM(Φ) in (2) is the Lagrangian for the matter
fields, which we shall not be considering here. The bulk action is over the
(d+1)-dimensional manifoldM, and the boundary action is the surface term
necessary to ensure well-defined Euler-Lagrange equations. For an asymptot-
ically dS spacetime, the boundary ∂M will be a union of Euclidean spatial
boundaries at early and late times.
The counter-term action Ict in (1) appears in the context of the dS/CFT
correspondence conjecture due to the counterterm contributions from the
boundary quantum CFT [21, 22]. It has a universal form for both the AdS
and dS cases and it can be generated by an algorithmic procedure, without
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reference to a background metric, with the result [5]
Ict = −
∫
ddx
√
γ
[
− d− 1
l
+
lΘ(d− 3)
2(d− 2) R−
l3Θ(d− 5)
2(d− 2)2(d− 4)
(
RabR
ab − d
4(d− 1)R
2
)
− l
5
Θ(d− 7)
(d− 2)3(d− 4)(d− 6)
(
3d+ 2
4(d− 1)RR
ab
Rab − d(d+ 2)
16(d− 1)2R
3
−2RabRcdRacbd − d
4(d− 1)∇aR∇
a
R+∇cRab∇cRab
)
+ . . .
]
(4)
with R the curvature of the induced metric γ and Λ = d(d−1)
2l2
. The step-
function Θ (x) is unity provided x > 0 and vanishes otherwise. For example,
in four (d = 3) dimensions, only the first two terms appear, and only these
are needed to cancel divergent behavior in IB + I∂B near past and future
infinity.
Varying the action with respect to the boundary metric hij gives us the
boundary stress-energy tensor:
T±ij =
2√
h±
δI
δh±ij
(5)
If the boundary geometries have an isometry generated by a Killing vector
ξ±µ, then T±abξ
±b is divergence free, from which it follows that the quantity
Q
± =
∮
Σ±
dd−1ϕ±
√
σ±n±aT±abξ
±b (6)
is conserved between histories of constant t, whose unit normal is given by
n±a. The ϕa are coordinates describing closed surfaces Σ, where we write
the boundary metric(s) of the spacelike tube(s) as
h±abdxˆ
±adxˆ±b = dsˆ±2 = N±2T dT
2+σ±ab
(
dϕ±a +N±adT
) (
dϕ±b +N±bdT
)
(7)
where ∇µT is a spacelike vector field that is the analytic continuation of a
timelike vector field. Physically this means that a collection of observers on
the hypersurface all observe the same value of Q provided this surface has
an isometry generated by ξb.
If ∂/∂t is itself a Killing vector, then we define
M
± =
∮
Σ±
dd−1ϕ±
√
σ±N±T n
±an±bT±ab (8)
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as the conserved mass associated with the future/past surface Σ± at any
given point t on the spacelike future/past boundary. Since all asymptotically
de Sitter spacetimes must have an asymptotic isometry generated by ∂/∂t,
there is at least the notion of a conserved total mass M± for the spacetime
in the limit that Σ± are future/past infinity.
In order to compute the thermodynamic relationships between conserved
quantities in asymptotically de Sitter spacetimes, we must deal with the an-
alytic continuation of the metric into a Euclidean section. In this setting
there are several ways to express the metric, depending on which set of Wick
rotations is chosen. In the first approach, one deals with an analytically con-
tinued version of the metric that involves not only a complex rotation of the
(spacelike) t coordinate (t → iT ), but also an analytic continuation of the
rotation and nut charge parameters (if any) in the metric, yielding a metric
of signature (−,−,+,+, . . .). Upon calculation, this will give rise to a nega-
tive action, and hence a negative definite energy. One must also periodically
identify T with period β in order to eliminate possible conical singularities
in the (−,−) section of the metric. This is the so-called C-approach, since it
involves a rotation into the complex plane. One advantage of using this ap-
proach is that T is a ‘time’ coordinate and the conserved quantity associated
with the Killing vector ∂/∂T can be identified unambiguously with a total
mass of the system.
In the R-approach, the analysis is carried out using the unmodified metric
with Lorentzian signature; no analytic continuation is performed on the coor-
dinates and/or the parameters that appear in the metric. This option appears
because the t coordinate is spacelike outside the cosmological horizon, and
so (a semi-classical path-integral) evaluation of thermodynamic quantities at
past/future infinity does not necessarily require its analytical continuation
[9]. Instead, one evaluates the action at past/future infinity, imposing peri-
odicity in t, consistent with regularity at the cosmological horizon (given by
the surface gravity of the cosmological horizon of the (+,−) section). There
is no need to analytically continue either the rotation parameters or nut
charges to complex values, and consequently there is no need to analytically
continue any results to extract a physical interpretation.
The main thermodynamic relation is an extension of the Gibbs-Duhem
relation
S = βM− Icl (9)
to asymptotically de Sitter spacetimes. For a discussion of its path-integral
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foundation, see ref. [20].
As a simple application of this formalism consider the Scharwzschild-dS
solution in 4-dimensions, outside the cosmological horizon
ds2 = − dτ
2
F (τ)
+ F (τ)dt2 + τ 2dΩ22
where
F (τ) =
(
τ 2
l2
+
2m
τ
− 1
)
Working in the Lorentzian signature (what we call the R-approach bellow)
we obtain the following results for action and the conserved mass [5]:
ISdS = −
(
m+
τ3+
l2
)
βr
2
, M = −m,
Here τ+ is the radius of the cosmological horizon and βr =
∫
dt .
If the range of the t-coordinate is infinite the action will in general diverge.
It is however tempting to impose a periodicity of the time coordinate even in
the Lorentzian sector that is consistent with the periodicity of the analytically
continued time t → iT . We therefore turn to the C-approach, in which the
new metric has signature (−,−,+,+). The sector (τ, T ) will have a conical
singularity unless the T coordinate is periodically identified with period
βc =
4pi
|F ′(τ+)| (10)
Since under the analytic continuation T → it the periodicity βc remains
unaffected, there is no obstruction in considering a similar condition in the
Lorentzian sector as well; by continuity we must require that βr = βc. This
will render finite all the physical quantities of interest and allow a definition
of the entropy in the Lorentzian sector by means of the extended Gibbs-
Duhem relation (9). The result is S = piτ 2+, equal to one quarter of the area
of the cosmological horizon.
While the Schwarzschild-dS case is somehow trivial, in the sense that the
equivalence between the C- and R- approaches fixes an otherwise arbitrary
periodicity in the spacelike t coordinate, this method has been recently ex-
tended to the non-trivial case of four-dimensional Kerr-dS spacetimes [8]. In
nut-charged spacetimes the situation is considerably less trivial, since there
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are independent geometric reasons for fixing the periodicity of t in the R-
approach, i.e. in the Lorentzian sector. We turn to this situation for the
remainder of the paper.
3 Thermodynamics of Taub-NUT-dS spaces
In asymptotically (A)dS/flat spacetimes with nut charge there is an addi-
tional periodicity constraint for t that arises from demanding the absence of
Misner-string singularities. When matched with the periodicity β, this yields
an additional consistency criterion that relates the mass and nut parameters,
the solutions of which produce generalizations of asymptotically flat Taub-
Bolt/Nut space to the asymptotically (A)dS case. These solutions can be
classified by the dimensionality of the fixed point sets of the Killing vector
ξ = ∂/∂t that generates a U(1) isometry group. In (d + 1)-dimensions, if
this fixed point set dimension is (d− 1) then the solution is called a Bolt
solution; if the dimensionality is less than this then the solution is called a
Nut solution. If d = 3, Bolts have dimension 2 and Nuts have dimension 0.
However if d > 3 then Nuts with larger dimensionality can exist [23, 24, 25].
Note that fixed point sets need not exist; indeed there are parameter ranges
of nut-charged asymptotically dS spacetimes that have no Bolts [11].
It is well known that the Taub-NUT spaces are plagued by quasiregular
singularities [26], which correspond to the end-points of incomplete and inex-
tensible geodesics that spiral infinitely around a topologically closed spatial
dimension. However, since the Riemann tensor and all its derivatives re-
main finite in all parallelly propagated orthonormal frames we take the point
of view that these mildest of singularities are not what is meant by a cos-
mological singularity. We shall ignore them when discussing the singularity
structure of the Taub-NUT solutions. We also note that for asymptotically
dS spacetimes that have no Bolts quasiregular singularities are absent [11].
For simplicity we shall concentrate mainly on the four-dimensional case.
However, as we shall see in the last section, our results can be easily gener-
alized to higher dimensional situations.
Consider the spherical Taub-NUT-dS solution, which is constructed as a
circle fibration over the sphere in de Sitter background:
ds2 = V (τ)(dt+ 2n cos θdφ)2 − dτ
2
V (τ)
+ (τ 2 + n2)(dθ2 + sin2 θdφ2) (11)
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where
V (τ) =
τ 4 + (6n2 − l2)τ 2 + 2ml2τ − n2(3n2 − l2)
(τ 2 + n2)l2
(12)
As noted in the previous section, there are two different approaches to de-
scribe the thermodynamics of such solutions, namely the C- and the R-
approach depending on the various analytic continuations that can be done.
3.1 The C-approach results
In the C-approach one analytically continues the coordinates in the (t, τ)
sector such that the signature in this section becomes (++) or (−−). One
way to accomplish this is to analytically continue the coordinate t→ iT and
the nut charge parameter n→ iN . One obtains the metric:
ds2 = −F (τ)(dT − 2N cos θdφ)2 − dτ
2
F (τ)
+ (τ 2 −N2)(dθ2 + sin2 θdφ2) (13)
where now
F (τ) =
τ 4 − (6N2 + l2)τ 2 + 2ml2τ −N2(3N2 + l2)
(τ 2 −N2)l2 (14)
The conserved mass associated with this solution is [9, 10]
Mc = −m (15)
independently of whether the function F (τ) has any roots. Note that if we
take m < 0, this will violate the maximal mass conjecture. When F (τ)
has roots the parameters (m,N) are constrained relative to one another by
additional periodicity requirements. Even in this case the maximal mass
conjecture can be violated [9, 10].
Notice that indeed the signature of the metric becomes in this case (−−
++). When analysing the singularity structure of such spaces we have to take
into account the presence of Misner string singularities as well as the possible
conical singularities in the (T, τ) sector. To eliminate the Misner string
singularity we impose the condition that the coordinate T has in general the
periodicity 8piN
q
, where q is a positive integer which will also determine the
topological structure of these solutions (see also [27]). To see this, notice
that regularity of the 1-form (dT − 2N cos θdφ) is achieved once we set the
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periodicity of t to be given compatible with the integrals of 2N sin θdθ ∧ dφ
over all 2-cycles in the base manifold. In 4-dimensions the base is S2 thence
the value of the integral is 8piN . While one could simply consider the Bolt
solution corresponding to q = 1, if q > 1 then the topology of the Bolt
solution is in general that of an R2/Zq fibration over S
2. In order to get rid
of the conical singularities in the (T, τ) sector we require the coordinate T
be periodically identified with periodicity given by βc =
4pi
|F ′(τc)| , where τc is a
root of F (τ), i.e. F (τc) = 0, provided that such a root exists. For consistency,
we have to match the values of the two obtained periodicities and this yields
the condition:
βc =
4pi
|F ′(τc)| =
8pi|N |
q
(16)
After some algebra, it can be readily checked that in this case we obtain
m = mc = −τ
4
c − (l2 + 6N2)τ 2c −N2(l2 + 3N2)
2l2τc
where
τ±c =
ql2 ±
√
q2l4 + 48N2l2 + 144N4
12|N |
In order to satisfy the condition |τc| > |N | we must consider the positive sign
in the preceding expression for N > 0, and the negative sign for N < 0 and
in the last case we should also require q = 1.
Working at future infinity it can be shown that if function F (τ) has roots
then we obtain the action, respectively the entropy:
Ic = −βc(τ
3
c − 3N2τc +mcl2)
2l2
, Sc =
βc(τ
3
c − 3N2τc −mcl2)
2l2
(17)
A more detailed account of the thermodynamics of these solutions can be
found in [9, 10]. An interesting path-integral study of these solutions aimed at
their cosmological interpretations appeared in [27].1 However, while τ = τ+c is
the largest root of the upper branch solutions, it can easily be checked that
for all lower branch solutions the function F (τ, τ−c ) has always two roots
τ1 and τ2 such that τ1 < τ
−
c < τ2. Hence these solutions, though they
apparently respect the first law of thermodynamics, are not valid dS-bolt
solutions. Rather they are the analytic continuation of lower-branch AdS-
bolt solutions, as we shall see below. Furthermore, they have no counterpart
in the R-approach, as we shall also see.
1We thank the anonymous referee for bringing out this paper to our attention.
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3.2 The R-approach results
In the R-approach one does not analytically continue either the coordinates
or the parameters in the metric. Instead one directly uses the metric in the
Lorentzian signature
V (τ) =
τ 4 + (6n2 − l2)τ 2 + 2ml2τ − n2(3n2 − l2)
(τ 2 + n2)l2
(18)
where n is the nut charge. In [9] the conserved mass was found to be
Mr = −m (19)
for arbitrary values of the parameters (m,n). Again, setting m < 0 will
violate the maximal mass conjecture.
Notice that in this case the coordinate t parameterizes a circle fibered
over the 2-sphere with coordinates (θ, φ). In the R -approach one imposes
directly the periodicity condition on the spacelike coordinate t:
βr =
4pi
|V ′(τr)| =
8pin
k
(20)
for points where V (τr) = 0 (provided that τr exists) with k a positive integer.
Since these surfaces are two-dimensional (they are the usual Lorentzian hori-
zons) we shall still refer to as ‘bolts’. From the above condition one obtains:
m = mr = −τ
4
r + (6n
2 − l2)τ 2r + n2(l2 − 3n2)
2l2τr
(21)
where now
τ±r =
kl2 ±√k2l4 − 144n4 + 48n2l2
12n
(22)
In order to have real roots we must impose the condition that the discriminant
above be positive. This restricts the possible values of n and l such that:
|n| ≤
(
2 +
√
4 + k2
12
) 1
2
l
Provided that such τr exists we obtain
Ir = −βr(mrl
2 + τ 3r + 3n
2τr)
2l2
, Sr = −βr(mrl
2 − 3n2τr − τ 3r )
2l2
(23)
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for the action and entropy respectively. Although the additional periodicity
constraint (16) imposes further restrictions, the maximal mass conjecture
can again be violated for certain values of the parameters [9, 10]. It can be
readily checked the first law of thermodynamics is satisfied for both the upper
(τ+r )and lower (τ
−
r ) branch solutions. However, as in the previous situation
using the C-approach, the function V (τ) will always have two roots τ1 and
τ2 such that τ1 < τ
−
r < τ2. That the first law holds for the lower branch
is a direct consequence of the fact that this solution can be regarded as the
analytic continuation l → il of one of the Bolt solutions in the Taub-NUT
AdS case (see equation (49) bellow), for which the first law holds.
In what follows we shall restrict our analysis only to the upper branch
solutions given by τ+r .
3.3 From the C-approach to the R-approach
As we have seen above we have two apparently distinct approaches for de-
scribing thermodynamics of Taub-NUT-dS spaces. In the C-approach we
consider the analytic continuation of the spacelike t coordinate and of the
nut parameter. While this procedure will generally lead to a ‘wrong signa-
ture’ metric, this is simply a consequence of the fact that we work in the
region outside the cosmological horizon; the metric inside the cosmological
horizon has Euclidian signature. The signature in the (T, τ) sector is in this
case (−,−) and we impose a periodicity of the coordinate T in order to get
rid of the possible conical singularities in this sector. When matched with the
periodicity required by the absence of the Misner string singularity, this will
fix, in general, the form of the mass parameter and the location of the nuts
and bolts. We can now use the counterterm method to compute conserved
quantities and study the thermodynamics of these solutions.
On the other hand, in the R-approach we work directly with the fields
defined in the Lorentzian signature section. There is a periodicity of the
spacelike coordinate t that appears from the requirement that there are no
Misner string singularities; however since the signature in the (t, τ) sector is
now (+,−) there are no conical singularities to be eliminated, so that there
is no apparent reason to impose an extra condition as in (20). Indeed, in the
absence of the Hopf-type fibration the coordinate t is not periodic.
However, there is no a-priori obstruction in formally satisfying eq. (20),
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and then using2 the counterterm method to compute the conserved quan-
tities and study the thermodynamics of these solutions as it was done in
refs. [9, 10]. We shall show in what follows that in general the R-approach
results are just the analytic continuation of the C-approach results and vice-
versa. We shall later show that this affords a physical interpretation of the
thermodynamics of Lorentzian nut-charged spacetimes.
To motivate this claim we consider the followings. In order to obtain a
Euclidian signature (positive or negative definite) in the (t, τ) sector we must
perform the analytic continuations t→ iT and n→ iN . However, since the
function V (τ) depends only on n and not on t its analytic continuation will
be given by:
F (τ) =
τ 4 − (6N2 + l2)τ 2 + 2ml2τ −N2(3N2 + l2)
(τ 2 −N2)l2 (24)
It is readily seen that using these analytical continuations we obtain the
metric used in the C-approach. The key point to notice here is that we can go
back to the Lorentzian section by again employing the analytic continuations
T → it and N → in. Since only even powers of n appear we are guaranteed
that the above continuations will take us from the Lorentzian section to the
‘Euclidian’ one and back.
In the C-approach it makes sense to consider the removal of conical sin-
gularities in the (T, τ) sector (since the signature of the metric in that sector
is (−−)), as well as to match this periodicity condition with the one arising
by requiring the absence of Misner string singularities. Hence we are fully
entitled to impose the condition:
βc =
4pi
|F ′(τc)| =
8piN
q
(25)
where q is a positive integer and τc is such that F (τc) = 0.
Let us consider now the effect of the analytic continuations T → it and
N → in on the above condition. Since nothing depends on T explicitly, all
that matters is the effect of the analytic continuation of the nut charge. If we
continue N → in we obtain V (τ) = F (τ)|N=in. Thus in the above periodicity
condition we obtain (
4pi
|F ′(τc)|
)
N=in
=
4pi
|V ′(τr)| (26)
2Notice that we use the metric in the Lorentzian signature
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where now τr is such that V (τr) = F (τc) = 0. Hence βr = (βc)N=in. However,
as we can see from the second equality in (25) we can consistently analytically
continue N → in only if we also continue q → ik. Again this assures us that
βr = (βc)N=in and that it is real.
Thus the prescription to get the R-results from the C-results is as follows:
using the C-results perform the analytic continuations T → it, N → in
and q → ik. A naive analytic continuation only of T and N but without
continuing q is simply inconsistent3: from eq. (25) the left hand side remains
real while the right hand side becomes complex!
Let us check this prescription by obtaining the R-results starting from
the C-results for the thermodynamic quantities given above. Consider first
the location of the bolts in the C-approach:
τ+c =
ql2 +
√
q2l4 + 48N2l2 + 144N4
12N
(27)
If we perform N → in and q → ik we obtain τc → τr where:
τ+r =
kl2 +
√
k2l4 − 144n4 + 48n2l2
12n
(28)
This is indeed the location of the ‘bolt’ in the R-approach as we can see from
(22).
Performing the analytic continuations N → in and τ+c → τ+r in the
expression for the mass parameter in the C-approach we obtain mc → mr
where:
mr = −(τ
+
r )
4 + (6n2 − l2)(τ+r )2 + n2(l2 − 3n2)
2l2τ+r
(29)
which again is the mass parameter from the R-approach. Notice that if we
naively analytically continue N → in and ignore the condition q → ik we
obtain imaginary values for the corresponding results in the R-approach.
However both the above analytic continuations conspire to always produce
real quantities in the final results.
A closer look at the expressions for the action, conserved mass and the
entropy in the C-approach shows that if we perform the continuations N →
in, τ+c → τ+r and mc → mr we obtain the respective expressions from the
R-approach.
3If we rewrite eq. (25) by taking the absolute value of both sides then the continuation
q → ik while no longer necessary, is still permitted.
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4 No dS NUTs
It is known that in the asymptotically AdS/flat case, besides the usual Taub-
Bolt solutions, one can also obtain the so-called Taub-Nut solutions. For
these solutions the fixed-point set of the Killing vector ∂
∂T
is zero-dimensional.
Superficially, a similar situation appears to hold in the C-approach in dS
backgrounds [9]. This can happen only if τc = N in the above equations,
that is if F (τc = N) = 0 and also
4pi
|F ′(τc = N)| =
8piN
q
(30)
are satisfied. Although such an equation has solutions, we find that the
situation is more somewhat complicated than previously described in ref.
[9].
Solving (30) we find q = 1, i.e. the periodicity of the T coordinate is
8piN , while the mass parameter becomes:
mc =
N(l2 + 4N2)
l2
(31)
and indeed τc = N is a fixed point set of zero dimensionality. However
it is not the largest root of the function F (τ) as given in (24). Instead
this nut is contained within a larger cosmological ‘bolt’ horizon located at
τ = τch =
√
4N2 + l2 − N . In this sense there are no dS NUTs, i.e. no
outmost cosmological horizons that are dimension zero fixed point sets of
the Killing vector ∂
∂T
.
Note, however that if we insert this value for the mass parameter into eqs.
(15) and subsequently (9) we obtain the action and respectively the entropy:
Ic = −4piN
2(l2 + 2N2)
l2
, Sc = −4piN
2(l2 + 6N2)
l2
(32)
These values correspond to those derived for the Taub-Nut-dS solution stud-
ied in [9], and it is straightforward to show that the first law of thermody-
namics is obeyed.
However the physical interpretation of this solution is not as a Taub-Nut
in dS background, since the use of such formulae is predicated on τc = N
being the largest root of F . Rather this solution is the AdS-NUT under
the analytic continuation l → il (see (38) below). We shall discuss the
corresponding solution when we address the AdS case.
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It is straightforward to show that the putative ‘bolt’ solution, with τch =√
4N2 + l2 − N , yields an entropy that does not respect the first law of
thermodynamics. This presumably is a consequence of the fact that we
eliminated the conical singularity at the root τc = N , by fixing the periodicity
of the Euclidian time T to be 8piN , while leaving a conical singularity that
can not be eliminated at the outer root τch! However, upon further inspection
we find that if we choose to eliminate the conical singularity at the outer root
and fix the periodicity of the Euclidian time coordinate to be βc =
4pi
|F ′(τch)| ,
we still obtain a singular space. This is because the Misner string singularity
cannot be simultaneously eliminated unless we impose a relationship between
the nut charge and the cosmological constant.4 Furthermore, the entropy (as
computed via the counterterm method) does not satisfy the first law. The
difficulties in ascribing a consistent thermodynamic interpretation to this
solution make its physical relevance a dubious prospect.
5 Taub-NUT solutions in AdS/flat backgrounds
Motivated by the results of the previous sections we shall now extend our
prescription to describe the thermodynamics of the Taub-NUT solutions in
AdS or flat backgrounds. To our knowledge, the thermodynamics of such
solutions has been discussed only in the C-approach (i.e. in Euclidian regime)
in [16, 17, 18, 28, 29]. To begin with, let us recall the metric of the Taub-NUT
AdS solution in four dimensions:
ds2 = −V (r)(dt− 2n cos θdφ)2 + V −1(r)dr2 + (r2 + n2)dΩ2 (33)
where dΩ2 = dθ2 + sin2 θdφ2 is the metric on the sphere S2 and
V (r) =
r4 + (l2 + 6n2)r2 − 2mrl2 − n2(l2 + 3n2)
l2(n2 + r2)
(34)
This metric is a solution of the vacuum Einstein field equations with negative
cosmological constant λ = − 3
l2
. In the limit l → ∞ it reduces to the usual
asymptotically (locally) flat Taub-NUT solution.
In the C-approach we analytically continue the time coordinate t → iT
and the nut charge n → iN . We obtain a Euclidian signature metric of the
4In this case we might be able to recover a regular Euclidian instanton, having the CP 2
topology: with a nut at τc = N and a bolt at τch.
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form:
ds2 = F (r)(dT − 2N cos θdφ)2 + F−1(r)dr2 + (r2 −N2)dΩ2 (35)
where
F (r) =
r4 + (l2 − 6N2)r2 − 2mrl2 +N2(l2 − 3N2)
l2(r2 −N2) (36)
When discussing the singularity structure of these spaces we must impose
two regularity conditions. First, removal of the Misner string singularities
leads us to periodically identify the coordinate T with period 8piN
q
, where q
is a non-negative integer. Now, if we match this value with the periodicity
obtained by removing the conical singularities at the roots rc of the function
F (r) we obtain in general
βc =
4pi
F ′(rc)
=
8piN
q
(37)
Again we have two distinct cases to consider: in the Taub-Nut solution we
impose rc = N (which makes the fixed-point set of the isometry ∂T zero-
dimensional), whereas for the bolt solutions rc = rb± > N (for which the
fixed-point set of ∂T is two-dimensional).
For the Taub-Nut solution rc = N , the periodicity of the coordinate T is
found to be 8piN , i.e. q = 1, and the value of the mass parameter is:
mc =
N(l2 − 4N2)
l2
The action and entropy are:
Ic =
4piN2(l2 − 2N2)
l2
, Sc =
4piN2(l2 − 6N2)
l2
(38)
while the specific heat C = −βc∂βcS is given by:
Cc =
8piN2(12N2 − l2)
l2
Notice that the energyM = m becomes negative ifN > l
2
while the action
becomes negative for N > l√
2
. When this latter inequality is saturated
we recover the Euclidian AdS spacetime. The entropy is negative if N >
l√
6
while for N < l√
12
the specific heat becomes negative, which signals
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thermodynamic instabilities. Therefore, it has been argued in ref. [29] that
in order to obtain physically relevant solutions with both positive entropy
and specific heat one should restrict the values of the nut charge such that:
l√
12
≤ N ≤ l√
6
(39)
The other possibility corresponds to the Bolt solutions, for which r =
rc > N . In this case the periodicity of the coordinate T is
8piN
q
, with q a
non-negative integer. While value q = 1 is somehow singled out as it leads to
identical periodicity with the one from the Nut solution, other values q > 1
are allowed as well. For a general q the topology on the boundary is that of
a lens space S3/Zq, while the topology of the Bolt is in general that of an
R2/Zq-fibration over S
2. The value of the mass parameter is
mc =
r4c + (l
2 − 6N2)r2c +N2(l2 − 3N2)
2l2rc
(40)
while the location of the bolts is given by:
rc =
ql2 ±
√
q2l4 − 48N2l2 + 144N4
12N
(41)
Notice that the condition rc > N restricts the values of the NUT charge
parameter N such that (for q = 1):
N ≤
(
1
6
−
√
3
12
) 1
2
l (42)
For the bolt solutions the action is given by [28]
Ic = −pi(r
4
c − l2r2c +N2(3N2 − l2))
3r2c − 3N2 + l2
(43)
and the entropy is
Sc =
pi(3r4c + (l
2 − 12N2)r2c +N2(l2 − 3N2))
3r2c + l
2 − 3N2 (44)
Note that the properties of the bolt solution with r > rb+ are very different
from those of the bolt solution with r > rb−. It can be shown that the upper
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branch solution r > rb+ is thermally stable whereas the lower branch r > rb−
is thermally unstable [28, 29].
We shall now apply our prescription to convert all C-results to the cor-
responding results in the R-approach, for which the metric used has the
Lorentzian signature.
Since we do not perform any analytic continuations in the R-approach,
the metric that we use is given by (33). The periodicity condition for the
coordinate t is then given by:
4pi
|V ′(rr)| =
8pin
k
(45)
where V (rr) = 0 and k is a positive integer.
6 Euclidian to Lorentzian
Before we plunge into the details of the Euclidian to Lorentzian transition
by analytical continuation it is necessary first to discuss what is to become
the first law of the thermodynamics in this process.
6.1 When is the first law of thermodynamics satisfied?
It has been recently argued in [30] that there is a breakdown of the en-
tropy/area relationship for nut-charged AdS-spacetimes and that this result
does not depend on the removal of Misner string singularities (if present) but
rather is entirely a consequence of the first law of thermodynamics.
In the Euclidian sector (or the C-approach) the argument goes as follows:
using the counterterm method for a general bolt located at r = rc we compute
Ic =
βc
2l2
(l2mc + 3N
2rc − r3c )
for the action, where βc =
4pi
|F ′(rc)| is the periodicity of the Euclidian time
coordinate and rc is the biggest root of F (r) given in (35). This fixes the
value of the mass parameter to be that given by (40). Using the boundary
stress-energy tensor we can compute the conserved mass for this solution as
being given by M = mc [29, 30]. We define now the entropy Sc = βcmc − Ic
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by using the Gibbs-Duhem relation. It is easy to see that in order for the
first law of thermodynamics dSc = βcdmc to hold in this case we must have:
mc = ∂βcIc (46)
For generic values of rc we find that the above relation is not satisfied in
general. However, if we assume a functional dependence rc = rc(N) then the
first law is satisfied if and only if rc is given by (41) where now q is a constant
of integration or rc = ±n.
We can see now that we are guaranteed to have satisfied the first law of
thermodynamics for the Nut and Bolt solutions in AdS backgrounds, even
though no Misner-string singularities have been explicitly removed. We also
find that using the expressions from (41) we obtain β = 8pi|N |
q
. Now, removal
of Misner-string singularities forces the parameter q to be an integer, but this
is not required in order to satisfy the first law.
Let us consider next the restrictions imposed by the first law of ther-
modynamics in the R-approach, i.e. in the Lorentzian solutions. Using the
counterterm method for the Lorentzian solution given in (33) with a ’bolt’
located at rr, which is a root of (34), we obtain the action:
Ir =
βr
2l2
(l2mr − 3n2rr − r3r)
Here we set βr =
4pi
|V ′(rr)| to be the periodicity of the time coordinate, though
there is no direct justification for this5. We find the value of the mass pa-
rameter mr to be
mr =
r4r + (l
2 + 6n2)r2r − n2(l2 + 3n2)
2l2rr
(47)
Using the boundary stress-energy tensor we can compute the conserved mass
for this solution as being given by M = mr. We can now define the entropy
Sr = βrmr − Ir by using the Gibbs-Duhem relation. It is easy to see that in
order for the first law of thermodynamics dSr = βrdmr to hold in this case
we must have:
mr = ∂βrIr
5Note however that the removal of the Misner string singularity in the Lorentzian metric
forces the time coordinate to be periodic.
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Again, for generic values of rr we find that the above relation is not satisfied
in general. However if we assume a functional dependence rr = rr(n) then
the first law is satisfied if and only if:
rr =
kl2 ±√k2l4 − 48n2l2 − 144n4
12n
(48)
where k is a constant of integration. As we shall see in the next section,
this is precisely the location of the Lorentzian bolt solutions, when k is an
integer. The first law of thermodynamics will be automatically satisfied for
these solutions. It is interesting to note that using the expressions from (47)
and (48) we obtain β = 8pi|n|
k
= 4pi|V ′(rr)| . If we impose the further requirement
that Misner string singularities be removed then k must be an integer.
6.2 The Bolt case
Let us consider now the analytic continuation of the bolt solutions from the
C-approach. In this case we perform the analytic continuations T → it,
N → in together with q → ik. From (41) we obtain the location of the
Lorentzian ‘bolts’ at:
rr =
kl2 ±√k2l4 − 48n2l2 − 144n4
12n
(49)
the value of the mass parameter is:
mr =
r4r + (l
2 + 6n2)r2r − n2(l2 + 3n2)
2l2rr
(50)
while the periodicity of the time coordinate t is given by βr =
8pin
k
.
In order to obtain real values for rr we must require that the discriminant
is non-negative. This leads to the condition:
n ≤ nmax =
(√
4 + k2 − 2
12
) 1
2
l (51)
Then there is a maximum value nmax of the nut charge for which the bolt
solutions are physically acceptable. This means that below a certain tem-
perature Tmin =
k
8pinmax
the bolt solutions do not exist.
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Figure 1: Plot of the upper (rb = rb+) and lower ( rb = rb−) TB masses (for
k = 10, l =
√
3).
If we analytically continue the action and the entropy of the bolt solutions
we obtain:
Ir = −pi(r
4
r − l2r2r + n2(3n2 + l2))
3r2r + 3n
2 + l2
(52)
respectively
Sr =
pi(3r4r + (l
2 + 12n2)r2r − n2(l2 + 3n2))
3r2r + l
2 + 3n2
(53)
The specific heats can be computed using C = −β∂βS = −n∂nS ; for brevity
we shall not list here their explicit expressions.
In figure 1 we plot the masses of the upper branch (r > rb+) and the
lower branch (r > rb−) solutions as a function of the nut parameter n. We
can see that there is a range for the nut charge for which the mass of the
lower branch solution becomes negative, while the mass of the upper branch
solution is always positive.
We plot the entropy as a function of the nut charge in figure 2, including
the lower branch solutions. As is obvious from this figure, the entropy for
the lower branch does become negative if n < 1.19355. The entropy for the
upper branch solutions is always positive.
In figure 3 we plot the entropy and the specific heat versus the nut charge
for the upper branch solutions. In this case the entropy and the specific heat
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Figure 2: Plot of the upper (rb = rb+) and lower ( rb = rb−) TB entropies
(for k = 10, l =
√
3).
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Figure 3: Plot of the upper branch bolt entropy and specific heat (for k = 10,
l =
√
3).
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Figure 4: Plot of the lower branch bolt entropy and specific heat (for k = 10,
l =
√
3).
are always positive. In figure 4 we plot the entropy and the specific heat as
a function of the nut charge for the lower branch bolt solutions. We can see
again that the entropy is negative if n < 1.19355 while the specific heat is
positive if n < 0.91338 and negative otherwise, implying that the Lorentzian
version of the lower branch solutions is thermally unstable. In both cases the
specific heat diverges near T = Tmin (or n = nmax).
6.3 The Nut case
As we have seen above in the C-approach, besides the usual Bolt solutions,
one can also obtain the so-called Nut-solutions. For these solutions the fixed-
point set of the Killing vector ∂
∂T
is zero-dimensional. This can happen only
if τc = N in the above equations, that is if F (τc = N) = 0 and also
4pi
|F ′(τc = N)| =
8piN
q
(54)
are satisfied. Recall that q = 1 for the Nut solution in the C-approach.
However, since we are interested in the analytic continuations that could
take the C-results to the R-results we shall slightly modify our ansatz using
the lesson learned in dealing with the Bolt cases. Namely, instead of focussing
on τc = N (which clearly becomes imaginary when we analytically continue
N → in) we shall look for a solution of the form τc = pN where p is a
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positive real number.6 Then the usual Taub-Nut solution in the C-approach
corresponds to p = 1, while other values of p > 1 correspond to Bolt-type
solutions.
The limit p = 1 must be treated with special care since in the Nut solution
τc = N is a double root of the numerator of F (r), while in the Bolt case we
assume that τc is a single root. The difference arises when computing the
periodicity βc =
4pi
|F ′(pN)| ; accounting for the double root, it turns out that
one should multiply by 2 the result from the Bolt case in order to recover
the correct periodicity of the Nut.
It is easy to check now that the above conditions will fix the periodicity
of the coordinate T to be βc =
8piN
q
where now q is a complicated function of
p, l and N while the value of the mass parameter is given by
mc =
N [(1 + p2)l2 + (p4 − 6p2 − 3)N2]
2pl2
(55)
Using the counterterm method, for a bolt located at rc = pN we obtain:
Ic =
piN2[(p2 + 1)l2 − (p4 + 3)N2]
l2 + 3N2(p2 − 1)
Sc =
piN2[(p2 + 1)l2 − 3(p4 + 3)N2]
l2 − 3N2(p2 − 1) (56)
Notice that in the limit p → 1 one recovers the previous expressions for the
action and respectively the entropy of the Taub-Nut-AdS solution (38) up to
the factor of 2, as explained above.
Let us apply now our prescription from going from the C-approach to
the R-approach. In this case we shall analytically continue N → in and also
q → ik (which in the Nut case corresponds in fact to p → −ip). Then the
location of the nut becomes τr = pn in the R-approach, yielding a real value
for τr, while the value of the mass parameter is also real
mr =
n[(p4 + 6p2 − 3)n2 − l2(1− p2)]
2pl2
(57)
Now the periodicity of the coordinate t is given by 8pin|k| , with k = (q)p=−ip.
For p = 1 we obtain:
k = 2
(
6n2
l2
+ 1
)
(58)
6We thank the anonymous referee for useful remarks on this point.
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while value of the mass parameter is mr =
2n3
l2
, the action is
Ir = − 4pin
4
l2 + 6n2
(59)
However, since the location of the ‘bolt’ r = n is not of the form (48) unless
we assume a relationship between n and l we conclude that the first law of
thermodynamics is not satisfied for the Lorentzian Taub-Nut-AdS solution
in the R-approach.
6.4 The flat-space limit
Leaving the more detailed study of the thermodynamics of the above so-
lutions for future work, let us now briefly discuss the case in which the
cosmological constant vanishes. Notice that this condition corresponds to
l → ∞ and in this limit we recover the Taub-NUT solutions in a flat back-
ground. Special care must be taken when discussing the analytic continua-
tion from the Euclidian sector to the Lorentzian one. Let us consider first
the Lorentzian Taub-Nut-AdS solution. In the limit l → ∞ we obtain the
action Ir = 0, the conserved mass is also zero in this limit. These results are
in agreement with the expectation that the only way to have r = n as a root
of the Lorentzian function
F (r) =
r2 − 2mr − n2
r2 + n2
is to take m = 0.
In the bolt case we obtain by analytic continuation rr =
2n
k
and the mass
parameter is
mr = n
4− k2
4k
while the action and the entropy are given by:
Ir = pin
2 4− k2
k2
, Sr = pin
2 4− k2
k2
, Cr = 2pin
2k
2 − 4
k2
(60)
As in the Euclidian sector we have q = 1 (since if q > 1 then rb is less than
n) this will fix k = 1 in the above relations. Further, note that although
these expressions satisfy the first law of thermodynamics, the entropy and
specific heat for the Lorentzian bolt in the flat spacetime have opposite signs,
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which means that the solution is thermally unstable. This is not unexpected
if we recall that the Taub-NUT solutions in flat background correspond to
the lower-branch Taub-NUT-AdS solutions, which are thermodynamically
unstable.
7 Higher dimensional Taub-NUT-dS spaces
The above results can be easily extended to higher dimensional Taub-NUT
spacetimes. For simplicity we shall focus only on the asymptotically de Sitter
spacetimes.
First, let us notice the absence of higher dimensional Taub-Nut-dS solu-
tions, which is a result analogous with that stating the absence of hyperbolic
nuts in AdS-backgrounds [18, 33]. Quite generally we can see this by ob-
serving the behaviour of the function F (τ) near the root τc = N . Since F (τ)
takes negative values for points τ > τc we deduce that there always exists
a larger root of F (τ) that will contain the nut. Therefore, in our discussion
we shall refer only to the higher-dimensional Bolt solutions. An analysis as
the one performed in Section (6.1) assures us that the first law is satisfied in
both approaches.
An analysis of the thermodynamics of the higher-dimensional Taub-NUT-
dS spaces has been presented in [20]. It has been shown there that the ther-
modynamic behaviour of both the R-approach and C-approach quantities are
qualitatively the same in 4s-dimensions, a behaviour that is distinct from the
common behaviour in 4s+2 dimensions7. This means that spaces of dimen-
sionality 8, 12, 16, ... have the same qualitative thermodynamic behaviour as
the four-dimensional case, while spaces of dimensionality 10, 14, 18, ... have
the same behaviour as the six-dimensional case. We shall now illustrate
equivalence of the two approaches in six-dimensions; the other 4s+2 higher-
dimensional cases are analogous.
The Taub-NUT-dS metric in six dimensions, constructed over an S2×S2
base is given by:
ds2 = V (τ)(dt+2n cos θ1dϕ1+2n cos θ2dϕ2)
2− dτ
2
V (τ)
+ (τ 2+n2)(dΩ21+ dΩ
2
2)
7Here s = 1, 2, ....
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where
V (τ) =
3τ 6 − (l2 − 15n2)τ 4 − 3n2(2l2 − 15n2)τ 2 + 3n4(l2 − 5n2) + 6ml2τ
3(τ 2 + n2)2l2
dΩ2i = dθ
2
i + sin
2 θidϕ
2
i (61)
Removal of the Misner string singularities in the metric forces us to take
12pi|n| as the periodicity of the time coordinate. Similar with the 4-dimensional
case, we shall impose an extra periodicity 4pi|V ′(τr)| . Matching the two values
leads to the condition:
βr =
4pi
|V ′(τr)| =
12pi|n|
k
where V (τr) = 0 and k is a positive integer.
8 This fixes the bolt location to
be given by the formula:
τr =
kl2 +
√
k2l4 − 900n4 + 180n2l2
30n
and by requiring real values for τr we must restrict the allowed range of the
nut charge to be:
|n| ≤ l
√
90 + 30
√
k2 + 9
30
In the C-approach we make the analytic continuations t → iT and n →
iN . Then the function V (τ) is continued to F (τ) . Imposing the periodicity
condition
βc =
4pi
|F ′(τc)| =
12pi|N |
q
where τc is a root of F (τ) we find
τc =
ql2 +
√
q2l4 + 900N4 + 180N2l2
30N
It is easy to see now that starting, for instance, with the C-quantities
and using the analytic continuations N → in and q → ik we recover the
corresponding R-quantities and vice-versa. This equivalence extends to all
thermodynamic quantities computed using the counterterm approach.
8The parameter k will determine the topology on the boundary τ → ∞. For k = 1
the boundary is Q(1, 1), which is the 5-dimensional circle fibration over S2×S2, while for
k > 1 we obtain Q(1, 1)/Zk. For more details about these spaces see [31].
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8 Discussion
The work of this paper was motivated by the observation that the path-
integral formalism can be extended to asymptotically de Sitter spacetimes to
describe quantum correlations between timelike histories, providing a foun-
dation for gravitational thermodynamics at past/future infinity [9]. The key
result is the generalization (9) of the Gibbs-Duhem relation to asymptotically
dS spacetimes.
In order to employ this relation it is necessary to analytically continue
the spacetime near past/future infinity. There are two apparently distinct
ways of doing this – the R-approach and the C-approach. The C-approach
is closest to the more traditional method of obtaining Euclidian sections
for asymptotically flat and AdS spacetime. The R-approach refers to the
Lorentzian section, and makes use of the path integral formalism only insofar
as the generalized Gibbs-Duhem relation (9) is employed.
The main result of this paper is the demonstration that the R and C-
approaches are equivalent, in the sense that we can start from the C-approach
results and derive by consistent analytic continuations (i.e., using a well-
defined prescription for performing the analytic continuations) all the results
from the R-approach. There are no a-priori obstacles in taking the opposite
view, in which the C-approach results are derived from the respective R-
approach results. However, one could still argue that the C-approach is the
more basic one, as in it the periodicity conditions appear more naturally than
in the R-approach.
On the other hand, the R-approach, when used without the justification
that comes from the C-approach, raises some interesting questions. Even
applied to simple cases such as the Schwarzschild-dS solution, one may take
the view that in the absence of the nut charge one could still consider a
periodicity on the time coordinate in the Lorentzian sector given by βr =
8pim. A more orthodox interpretation would be that βr in the Lorentzian
sector is simply the inverse temperature (as related by the surface gravity of
the black hole horizon) and is not related to a real periodicity of the time
coordinate. Whether or not this is indeed a necessary condition remains to
be seen.
Using this equivalence we then proposed an interpretation of the ther-
modyamic behaviour of nut-charged spacetimes. In the asymptotically dS
case, we showed that while a subset of the Bolt solutions can have a sen-
sible physical interpretation, the same does not hold for the Taub-Nut-dS
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solutions. Indeed, in the putative Taub-Nut-dS solution the nut is always
enclosed in a larger cosmological ‘bolt’ and moreover it does not have a
Lorentzian counterpart (i.e. it has no equivalent solution in the R-approach).
From these facts we conclude that there are no Taub-Nut-dS solutions. This
situation holds despite the fact that a naive application of (9) to this case
yields thermodynamic quantities that respect the first law of thermodynam-
ics. Rather these quantities are the analytic continuations of their AdS coun-
terparts under l → il. Similar remarks apply to the lower-branch dS bolt
cases. We have also found that this situation holds in higher dimensions:
there are no Taub-Nut-dS solutions, in analogy with the non-existence of the
hyperbolic nuts in AdS backgrounds [29].
Moreover, the C-approach has been previously applied with success to
more general cases - it has been proven to be very useful when treating for
instance asymptotically AdS or flat Taub-NUT spaces. In particular, we have
shown here that starting from the well-known results regarding the thermody-
namics of the Nut and Bolt solutions in the Euclidian Taub-NUT-AdS case
(which corresponds to our C-approach) we can consistently make analytic
continuations back to the Lorentzian sections, yielding a physical interpreta-
tion of the thermodynamics of such spacetimes. However, this holds only for
the bolt solutions; we found that the Lorentzian AdS-Nut solution did not re-
spect the first law of thermodynamics, rendering the physical interpretation
of the Nut solution dubious at best.
We close by commenting on recent results concerning these spacetimes.
It has been shown that there exist broad ranges of parameter space for which
nut-charged spacetimes violate both the maximal mass conjecture and the
N-bound, in both four dimensions and in higher dimensions. However it was
subsequently argued [32] that even if the Taub-NUT-dS spaces do violate the
maximal mass conjecture they also suffer of causal pathologies. However, this
is not necessarily the case. As noted above in both the R and C-approaches
the maximal mass conjecture can be violated by choosing the parameter m <
0, independent of whether or not the metric function has any roots [9, 28]. A
detailed discussion of this situation has appeared recently [11], where it was
emphasized that globally hyperbolic asymptotically dS spacetimes exist that
violate the maximal mass conjecture. In the present context this will take
place whenever the parameters m and N are such that the function (12) has
no roots [20].
If horizons are present, the maximal mass conjecture and N-bound can
both be violated and we have shown that this holds consistently for both
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approaches. Although these cases have regions containing closed timelike
curves (CTC’s), our computations pertain to regions where CTCs are absent,
namely outside the cosmological horizon. However, one could argue that
such spacetimes are causally unstable. Whether any spacetimes containing
horizons exist that violate one or both conjectures and that satisfy rigid
constraints of causal stability remains an open question.
In AdS backgrounds it would be interesting to understand how the AdS-
CFT correspondence works in this case, since the Lorentzian section of the
Taub-NUT spaces contains closed timelike curves and so it is causally patho-
logical. In fact it was recently noted [30, 33, 34, 35] that the boundary metric
for the four-dimensional Lorentzian Taub-NUT-AdS spacetime is in fact the
three-dimensional Go¨del metric. This metric also has a bad reputation as be-
ing causally ill-behaved since for generic values of the parameters, the Go¨del
spacetime admits CTC’s through every point. The meaning of a quantum
field theory in this background is still an open problem.
Recently the authors of [8] used successfully the R-approach methods to
study the Kerr-dS space-times. As the metric is stationary in this case and
the continuation to the complex section involves the analytical continuation
of the rotation parameter a→ ia, it would be interesting to see if there is a
similar prescription for the analytical continuation of the results from the R-
approach and the C-approach and vice-versa. Other interesting extensions of
the present work could involve the study of the electric and magnetic charged
versions of the Taub-NUT solutions (with or without rotation). A new set of
nut-charged solutions in Einstein-Maxwell theory has been presented recently
in [36, 37] and it would be interesting to see how one could extend our analysis
to these spaces.
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